Abstract
refer to the critical plastic strains at the center of a notch and the average plastic strain at the notch, respectively). The rest of the figures correspond to SEM fractographs showing the rupture modes: b) a shear dimple rupture mode with inter-void shearing mechanism and elongated voids for stress triaxiality XΣ = 0.47; c) the transition between shear dimples and void growth rupture for XΣ = 0.85; d) necking of inter-void ligaments, i.e., void coalescence due to void growth, for XΣ = 1.10. All figures are taken from Barsoum and Faleskog (2007a) and correspond to Weldox 420.
tion analyses in a self-consistent fashion (Ponte Castañeda and Zaidman, 1994; Kailasam and Ponte Castañeda, 91 1998).
92
The above-mentioned non-linear homogenization methods have also been extended to include strain hard-crostructural variables, as well as the strain hardening law for the matrix material. Finally, expressions for 179 the hardening rate and the localization conditions are derived. 
Triaxial loading conditions: Stress triaxiality and Lode parameter

181
This subsection discusses the loading conditions and the associated stress measures used to distinguish 182 between hydrostatic loading and different shear stress states. We consider purely triaxial loading conditions 183 with the principal stresses σ 1 = σ 11 , σ 2 = σ 22 and σ 3 = σ 33 (σ ij = 0 for i = j) being aligned with the 184 laboratory frame axes, e
(1) , e (2) and e (3) , respectively. This allows for the definition of alternative stress 185 measures that are more appropriate for dilatational plasticity of porous materials. The three alternative 186 measures are the hydrostatic (or mean) stress, σ m , the von Mises equivalent (or effective) stress, σ e , and 187 the third invariant of the stress deviator, J 3 , defined as 188 σ m = σ kk /3, σ e = 3 J 2 = 3 s ij s ij /2, J 3 = det(s ij ),
189
where s ij = σ ij − σ m δ ij is the stress deviator. Using these definitions, we can readily define the stress 
192
By definition, the range of values for the X Σ and L, (or θ) are
193
− ∞ < X Σ < ∞, and − 1 ≤ L ≤ 1 or 0 ≤ θ ≤ π/3.
194 Then, relations (2) can be used to express the principal stresses as functions of X Σ , σ e and θ, such that 
Microstructure
209
The porous material is composed of two phases. The matrix phase is elasto-plastic and isotropic fol-210 lowing a J 2 flow rule with isotropic strain hardening described by the yield stress σ y as a function of the 211 accumulated equivalent plastic strain ε p M . The inclusion phase is vacuous and consists of initially spherical 212 voids distributed uniformly and isotropically, such that the initial response of the porous medium is also 213 isotropic. However, due to the finite deformations considered in this problem the voids evolve into non-214 spherical shapes and hence the porous medium becomes locally anisotropic (i.e., develops morphological 215 anisotropy). Consequently, it is necessary to define microstructural variables that not only describe the According to the schematic representation shown in Fig. 3a and at some finite deformation state, we 219 consider that the porous material is characterized by a "particulate" microstructure consisting of ellipsoidal 220 voids (i.e., with semi-axes a 1 = a 2 = a 3 ) aligned in a certain direction as a result of the previously described 221 triaxial loading conditions. In addition, it is assumed (Willis, 1978; Ponte Castañeda and Willis, 1995) 222 that the centers of the voids are distributed with ellipsoidal symmetry (see Fig. 3b ). This description porosities. Nonetheless, it should be mentioned that, in general, the void distribution shape could be different 231 from the void shape, as discussed by Ponte Castañeda and Willis (1995) , and this effect can be accounted 232 for at least approximately (Kailasam et al., 1997a) .
233
Moreover, in the present study we consider purely triaxial loading conditions and initially isotropic 234 materials (i.e., comprising initially spherical voids). This implies that the orientation of the voids remains 235 fixed and aligned with the triaxial loading conditions. Thus, the vectors n (i) (with i = 1, 2, 3) denoting the 236 orientation of the principal axes of the voids (see Fig. 3a study is not carried out here because it will not be needed to describe the effects of interest in this work.
243
In view of the above hypotheses, the relevant internal variables describing the state of the microstructure 244 in this problem are:
246
where ε p M is the accumulated plastic strain in the undamaged matrix phase, f is the porosity (i.e., volume 247 fraction of the voids), and w 1 = a 3 /a 1 and w 2 = a 3 /a 2 are two aspect ratios characterizing the ellipsoidal 248 shape of the voids (with a 1 , a 2 and a 3 denoting the principal semi-axes of the ellipsoidal voids) and their 249 distribution function. 
Elasto-plastic constitutive relations
251
The overall strain-rate D in the porous material is decomposed into its elastic and plastic parts via
where be estimated by independent, but consistent homogenization analyses.
260
Thus, the elastic response of the porous material is described in terms of an effective compliance tensor
263 whereσ represents the material time derivative of the stress, which will be taken here to be given by the
264
(partial) derivative with respect to time, since the stress is assumed to be uniform and the spin is zero,
265
and Q = Q(w 1 , w 2 , n (i) = e (i) ) is directly related to the well-known Hill or Eshelby tensor for ellipsoidal 266 microstructures and its evaluation is detailed in Willis (1981) (see also Danas (2008) ). The fourth-order
267
tensor M M is the compliance modulus of the matrix (metallic) phase and is taken to be isotropic such that
269
where E and ν denote the elastic modulus and Poisson ratio, respectively.
270
On the other hand, the yield condition for the porous material can be written in the functional form
272 whereσ eq is a scalar function of the stress tensor and the microstructural variables, which is detailed in 
278 whereΛ ≥ 0 is the plastic multiplier, which is determined by the consistency condition as discussed in subsec-279 tion 2.5, and N ij is the normal to the yield surface Φ. 
291
For strain hardening materials, σ y is a function of ε p M , which, in general, is to be extracted from experimental 292 uniaxial stress-strain curves. In our work, a rather general strain hardening law for σ y (ε fraction. Noting further that the matrix material is plastically incompressible (J 2 plasticity), the evolution 297 equation for the porosity f follows easily from the continuity equation and reads
299
We point out that void nucleation is not considered in the above relation but can be readily included 300 by proper modification of (12)(e.g., Needleman and Rice (1978) ; Chu and Needleman (1980) ; Tvergaard
301
(1990)).
302
The evolution of the aspect ratios w 1 and w 2 , describing the shape of the voids, is given in terms of the 303 average strain-rate in the vacuous phase provides the following expression for the plastic multiplier
316
where H is the hardening rate defined by
318
The hardening rate is a measure of the overall hardening of the porous material. When H > 0, the material 319 is said to harden, while when H < 0, it is said to soften. The critical point when H = 0 usually provides 320 the transition from the hardening regime to the softening regime, and can be identified with the maximum 321 stress or limit load of the material. Clearly, the maximum stress is important for stress-controlled boundary 322 conditions, since the material will not be able to support stresses exceeding the limit load, and the material 323 will fail at this point under increasing stress.
324
By observation of relation (16), we note that the first two terms of the right-hand side appear also in the aspect ratios w 1 and w 2 , affects the overall hardening rate of the porous material in a nontrivial manner.
330
All these effects will be investigated in detail in the next section. The figure on the right shows the local system of coordinates, where n is the normal to the band and t is the tangent. The angle between n and g provides the deformation inside the band. For instance, if n ⊥ g, the deformations inside the band is a simple shear. However, due to the compressibility of the porous material g is not, in general, perpendicular to n and the deformation inside the band can also have normal components (e.g., niDij nj = 0), leading to the formation of a dilatant shear band.
Localization conditions
332
In this subsection, we summarize the localization conditions corresponding to the loss of ellipticity of the 333 governing equations and leading to non-unique solutions, bifurcations and instabilities, as described by Rice 334 (1976). By making use of definition (15), the incremental constitutive relations (6), (7) and (10) describing 335 the overall elasto-plastic response of the porous material can be written in the form
is the effective incremental elasto-plastic modulus of the porous material, and L = M −1 is the effective 338 elastic modulus of the porous material.
339
Following Rice (1976), we consider an infinite porous medium with no initial imperfections, which implies 340 that the trivial solution to this problem is homogenous deformation throughout the infinite region. Then,
341
we look for conditions under which the deformation would localize inside a thin band leading to unloading 342 outside the band, as shown schematically in Fig. 4 . This second solution to the problem is a discontinuous 343 bifurcation of the uniform solution and leads to a lower energy state than the uniform one. As already known, 344 the specimen would tend to localize earlier if an initial imperfection were considered. However, the goal 345 of the present study is to investigate pure material instabilities leaving aside any geometrical imperfections 346 for a future study where actual boundary value problems resulting from experimental geometries will be 347 investigated.
348
In any event, the condition for the localization of deformation inside a thin band with normal n i becomes 349 (Rice, 1976; Needleman and Rice, 1978) 350
351
When this localization condition is first met in a program of deformation, the difference between the total 352 strain-rate inside and outside the band can be written as ∆D ij = (g i n j + n i g j )/2, with g i being a function that the material is fully incompressible, it can be shown that g i is perpendicular to n i and parallel to the 356 band tangent vector t i which implies that the deformation state in the band is simple shear, i.e., a shear 357 localization band. In the present study, however, the material is compressible due to the finite porosity,
358
and can accommodate deformation states other than simple shear inside the band. In that case, n i and 359 g i are not necessarily perpendicular to each other as shown in Fig. 4 , which can lead to a nonzero normal 360 component of the deformation state inside the band, i.e., n i ∆D ij n j = 0.
361
In connection with the above-described localization conditions, it should be emphasized that the (uni-362 form) solutions obtained directly from the constitutive model for the porous material would cease to be 363 valid at the point of the instability. Then, a post-bifurcation analysis would be required beyond this point.
364
Such an analysis should make use of geometrical effects or initial imperfections and is outside the scope of 365 the present work, which focuses on uniform solutions under fixed stress triaxialities and Lode parameter 366 loadings throughout the entire deformation history. However, in the results to be described in the next 367 section, the (uniform) solutions will still be shown beyond the onset of said instabilities, mostly because 
Results and discussion
374
As already mentioned in the previous section, our objective is to investigate the effects of the stress 375 triaxiality X Σ and Lode parameter L (or Lode angle θ) on the macroscopic response and failure of porous 376 elasto-plastic materials subjected to triaxial loading conditions. Given the fact that a maximum stress is ex-377 pected, in this work the strain rate D 33 will be prescribed, together with the values of X Σ and L, which will 378 serve to determine all three (principal) stresses, σ 1 , σ 2 and σ 3 , as well as the evolution of the microstructural 379 variables, the porosity f , and the average aspect ratios, w 1 and w 2 , as functions of time t. However, it will be 380 convenient to use as a time-like variable the total equivalent strain
the strain-rate deviator, and to consider the overall von Mises equivalent stress σ e instead of the individual 382 stress components in the characterization of the macroscopic response. Because of the special loading con-383 ditions imposed, it can be shown that the maximum on the σ e versus ε e plots will correspond exactly to a 384 vanishing hardening rate H = 0, indicating a possible instability under stress-controlled loading conditions.
385
In addition, the loss of ellipticity condition will be determined for the material making use of the condi- maximum stress (i.e., the locus of points where H = 0) and loss of ellipticity (LOE) conditions will be dis-390 played in terms of the total equivalent plastic strain (or effective plastic strain) ε
with (D p ij ) ′ denoting the plastic strain-rate deviator. In this work, the resistance of the material to failure 392 by either condition will be referred to as the overall ductility. Furthermore, it should be emphasized, that as 393 a consequence of the very small magnitude of the overall elastic strains, the difference between the overall 394 total strain and the overall plastic strain is very small for all practical purposes. Finally, a parametric study 395 will be carried out to investigate the influence of different matrix strain hardening exponents and initial 396 porosities on the limit load and LOE maps. respectively, and the matrix phase to exhibit isotropic strain hardening following the law
material with f = 0), and N ≤ 1 is the strain hardening exponent. Typical values for these parameters 403 are σ 0 = 200MPa and N = 0.1, which will be used throughout this work except in section 3.4 where a 404 parametric study is carried out with N = 0.01, 0.05, 0.1 and 0.2.
405
The matrix phase is taken to be initially unloaded with zero accumulated plastic strain ε p M = 0, while 406 the voids are initially spherical with w 1 = w 2 = 1. The initial porosity is taken to be f 0 = 1% except in 407 section 3.4 where a parametric study is carried out with f 0 = 0.1%, 1% and 5%. It should be noted that 408 the dependence of the failure maps on the Young's modulus, and Poisson's ratio has been found to be weak,
409
and for this reason no results will be reported here for different values of these parameters. to axisymmetric compression along the x 2 direction, see Fig. 2a ), w 1 = 1, while w 2 blows up at a certain
435
"critical" value of ε e (around 0.6). This means that the voids collapse in the x 2 direction, becoming flattened 436 cracks (lying in the x 1 − x 3 plane) with a 2 → 0, while the material becomes locally anisotropic (i.e., exhibits 437 morphological anisotropy due to the very significant void shape changes). However, since the porosity f 438 remains finite at this "critical" point where a 2 → 0, a 1 = a 3 must tend to infinity, suggesting coalescence of 439 the voids in the x 1 − x 3 plane.
440
To clarify this failure mechanism further, it is recalled here that the aspect ratios serve to denote both Limit Load Limit Load Limit Load However, as can be seen in Figs. 5a and d, the effect becomes more pronounced as the value of L increases 453 from −1 toward +1. At the extreme value of L = −1, the shape of the pores is constrained to remain 454 circular in the x 1 − x 2 cross-section, and this kinematic restriction prevents collapse of the pores, explaining 455 the lack of a maximum stress point and corresponding loss of ellipticity in this case. Limit Load Limit Load Limit Load
Figure 6: Plots of the SOM estimates for (a) the equivalent stress σe, (b) the porosity f , and the aspect ratios (c) w1 and (d) w2 as a function of the equivalent strain εe, for a high value of the stress triaxiality (XΣ = 1) and four values of the Lode parameter. The influence of the Lode parameter becomes negligible in this case since the response of the porous material is dominated by the significant evolution of porosity f . The strain hardening exponent is N = 0.1 and the initial porosity f0 = 1%.
the effect of the Lode parameter on the overall mechanical response of the porous material is negligible, as 459 can be seen in Fig. 6a , since all the σ e − ε e curves almost coincide. In particular, they exhibit a limit load Limit Load Limit Load 
Figure 7: Plots of the SOM estimates for (a) the equivalent stress σe, (b) the porosity f , and the aspect ratios (c) w1 and (d) w2 as a function of the equivalent strain εe, for a moderate value of the stress triaxiality (XΣ = 0.6) and four values of the Lode parameter. The influence of the Lode parameter is significant in this case of moderate triaxiality indicating a transition mechanism from void collapse-dominated response for L = 1 to porosity-dominated response for L ≤ 0. The strain hardening exponent is N = 0.1 and the initial porosity f0 = 1%.
The fact that the stress-strain curve is independent of the Lode parameter at X Σ = 1 is easily explained Lode parameter (L = −1, −0.5, 0, 1) and a moderate value of the stress triaxiality (X Σ = 0.6). As can be 477 observed in part (a), for L = −1, −0.5, 0, the stress curves reach a maximum (limit load) and then smoothly 478 decrease, leading to overall softening for larger values of the strain ε e . On the other hand, the L = 1 curve 479 exhibits a sharp decrease of σ e , albeit less dramatic than the corresponding one for X Σ = 0.1. Moreover, it 480 is interesting to note that the limit load occurs at lower ε e when L = −1 than when L = −0.5 or L = 0. In 481 fact, as L increases to the value of 0, the critical strain ε e at which the limit load occurs increases, whereas it By contrast, as shown in Fig. 8b , the MGUR model predictions exhibit qualitatively different behavior 523 for the limit load failure curves. As expected from the way in which it was constructed, the limit load inside the band, is found to be ϕ g = −ϕ for both the SOM and the MGUR models. Moreover, note that 566 the normal to the band n, as predicted by both the SOM and the MGUR models, lies on the x 2 − x 3 plane.
567
In particular, for the case when ϕ = −ϕ g = 45 o (i.e., n ⊥ g), the state of deformation inside the band is band is a combination of shear plus dilatation across the band (in the direction of the normal to the band).
574
The lowest value for ϕ is attained in both models for L = −1, where the localization band is found to be at 575 an angle of about 10 o . It should be emphasized that at large triaxialities the SOM and the MGUR models 576 predict very similar localization angles, highlighting once again the fact that the main difference between 577 the models is for low triaxialities when changes in the shape of the pores become possible. 
591
This is due to the fact that at low X Σ , the limit load occurs in such an abrupt manner due to the very 592 fast void shape changes (observed in the context of Fig. 5 ) that the hardening of the matrix plays almost 593 no role on the overall softening mechanism of the porous material. On the other hand, as the triaxiality 594 increases the growth of porosity dominates the limit load mechanism. The porosity growth however is 595 rather smooth allowing the strain hardening exponent to play a dominant role on the overall softening of the 596 material. In contrast, as shown in Fig. 12 , the strain hardening exponent N has only a negligible effect on 597 the LOE predictions. This suggests that once the material enters the softening regime, kinematics controls 598 the localization mechanism and hence the effect of N is not important. Overall, an effect is observed especially near the transition from the low-to the high-triaxiality regimes, Loss of ellipticity critical curves lower critical strains for localization, at least for the range of porosities considered in this study. to localization of the deformation into dilatant shear bands due to the compressible overall response of the 619 porous material (Rice, 1976) .
620
The main finding of this work is that failure can occur by two very different mechanisms at high-and 621 low-triaxiality. In agreement with well-established results, at high triaxialities, the model predicts significant 622 void growth leading to a softening effect which eventually overtakes the intrinsic strain hardening of the solid 623 material and produces overall softening. Thus, a limit load is reached at a critical strain that decreases with 624 increasing triaxiality and is found to be independent of the Lode parameter. This limit load point is then angle is not so much through its direct effect on the macroscopic yield surface, which is relatively small, but 656 instead through its much more significant implications for the evolution of the microstructure, especially 657 when changes in the shape of the voids are allowed. Indeed, this ability to account for the very different 
662
For completeness, the SOM model has also been used to investigate the possible effects of the matrix 663 strain-hardening exponent N and the initial porosity f 0 . We have found that the strain-hardening exponent
664
N has a significant effect on the limit load for stress triaxialities X Σ > 0.4, and consequently the location 665 of the transition from the void collapse to the void growth mechanisms. In contrast, it has only a negligible 666 effect on the limit load at low stress triaxialities, due to the abruptness of the void collapse mechanism in 667 this case, leading to strong material softening. On the other hand, the strain hardening exponent affects 668 only slightly the loss of ellipticity curves. In turn, different initial porosities f 0 have an effect on both the 669 limit load and loss of ellipticity failure curves. Higher initial porosities lead, in general, to lower critical 670 strains for the limit load and loss of ellipticity, except for the limit load curves in the transition region
671
(0.4 < X Σ < 0.6), where the opposite trend is observed.
672
It should also be emphasized that this work deals only with instabilities at the material level and that no 673 actual macroscopic geometries have been considered. Nonetheless, the instability results obtained assuming 674 that macroscopically uniform fields are present in a given specimen should correspond to "material instabili-
675
ties," and provide a loose upper bound for the resistance of the material to ductile failure under more general 676 loading conditions (Rice, 1976) . In this connection, it is also relevant to mention that the three-dimensional 677 studies of Faleskog (2007b, 2011 ) and the corresponding two-dimensional studies of Tvergaard progress, as are finite element implementations of such models in order to be able to handle the non-uniform 693 fields that would be expected to develop under actual experimental conditions. In this latter connection,
694
it should be mentioned that such implementations are already available (see Kailasam et al. (2000) and 695 Aravas and Ponte Castañeda (2004)) for the earlier "variational" framework of Ponte Castañeda and Zaidman
696
(1994). In addition, a numerical implementation of an improved version of the"variational" framework,
697
which provides more accurate results for both low and high stress triaxialities has been developed-and im-698 plemented for three-dimensional experimental geometries-recently by Danas and Aravas (in preparation).
699
As a final remark, it should be mentioned that an additional advantage in the use of a homogeniza-700 tion approach for porous and other heterogeneous solids is its generality. Thus, for example, the effect 701 of anisotropy in the matrix can be accounted for in a straightforward fashion by treating this phase as 702 a polycrystalline aggregate and using the second-order homogenization method (Liu and Ponte Castañeda, It is also relevant to mention in this connection that the second-order homogenization method has been 
